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ABSTRACT

A model for predicting lower limit performance including variation terms was constructed to help achieve performance 
after durability testing of products equipped with lithium-ion batteries. To predict degradation, the model formula includes two 
types of stochastic variables: random effects multiplied by the battery durability degradation trend term, and a diffusion process 
in which variation expands proportionally with time. Parameter optimization was conducted by the maximum likelihood 
method aided by the Markov Chain Monte Carlo method. As a result, the lower limit performance after degradation, which had 
conventionally been predicted based on 12 months of measured durability data, was successfully computed based on only four 
months of durability data. It was also demonstrated that prediction of lower limit performance, which previously required the 
two pieces of information of the predicted typical performance values after durability testing and performance variation during 
durability, could be achieved with just one piece of information by using the proposed model.

1. Introduction

Lithium-ion batteries (LiB) have high energy density 
and power density, and their use is expanding from small 
electronic devices to large mobility applications(1)-(5). LiB 
for electric vehicles such as hybrid electric vehicles and 
battery electric vehicles need to provide durability over 
long periods of 10 years or more in consideration of diverse 
regions and applications(6). To verify durability under 
various usages, it is more efficient to utilize simulation 
models rather than conducting individual tests using actual 
vehicles(7), (8). The authors previously constructed a model 
capable of efficiently predicting battery performance 
after degradation in a short time. In that study, it was 
found that, by training the model to learn the degradation 
behavior of the battery under varying load conditions 
and predicting degradation through accumulation of the 
degradation amount, nonlinear degradation behavior could 
be predicted(9), (10). However, this method was able to predict 
only the average performance value after degradation. On 
the other hand, the EU Battery Regulation sets minimum 

performance requirements throughout the lifetime(6), making 
it necessary to verify the LiB lower limit performance in 
the development phase. The lower limit performance can be 
predicted by subtracting the variation in Fig. 1(b) from the 
values predicted by the model in Fig. 1(a), as shown in Fig. 
1(c). That is, it needs to be done in two steps: prediction 
by the degradation model and prediction of lower limit 
performance. Durability testing is needed in both steps, 
making this method both costly and time-consuming. This 
study aimed to address the aforementioned issue efficiently 
in a single step by employing the model illustrated in Fig. 
1(d).

To achieve this goal, it is necessary to introduce terms 
into the degradation model formula that appropriately 
express the variation in performance after durability 
testing. This study employs a degradation model formula 
incorporating multiple random terms based on factors 
resulting in LiB performance variance after durability tests. 
This method has the issues that the number of parameters 
increases as random terms are introduced, which can lead 
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to local optimization of parameters, and that the durability 
testing period needed for model training is unclear. Efforts 
were therefore made to address these issues.

2. Proposal of Degradation Model for 
Predicting Lower Limit

2.1. Consideration of Factors Resulting in Performance 
Variation

The remaining useful capacity after durability testing 
was analyzed to determine the random terms that represent 
variation. The battery type and durability test conditions 
were kept constant, and durability tests were conducted 
on multiple batteries to measure the changes in capacity 
over time. 5 Ah-class cylindrical batteries were used as 
test samples. Figure 2 shows the degradation behavior of 
16 batteries charged and discharged from 4.1 V to 3.4 V at 
an ambient temperature of 55°C. The solid lines represent 
the behavior of capacity retention rate, and the circle plots 
indicate the variance of the capacity retention rate at each 
measurement point. As the variance tends to increase over 
time, there is individual variation in the degradation speed 
among batteries. Additionally, even for a single battery, 
the capacity retention rate fluctuates depending on the 
measurement timing, so there is measurement variation 
that is independent of the elapsed time. These two types of 
variation are present in LiB degradation behavior.

In order to const ruct a model based on var ied 
performance, the parameters of the model will also include 
stochastic variation. As an example, Fig. 3 shows the 
observed degradation speed at 25, 40, and 55°C. The gray-
shaded range shows the 95% confidence interval of a 
degradation model that has been trained on this degradation 
behavior. That is to say, the results output by a model 

Fig. 1   Estimation of lower limit performance by conventional and proposed methods

trained on varied data will also contain stochastic variation, 
which is referred to hereinafter as model error.

Fig. 2   Degradation behavior of LiB at same loading 
condition

Fig. 3   Observed degradation speed and confidence 
interval
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Table 2   Six types of model formulas with combinations 
of variation terms

2.2. Formulation of Degradation Model for Predicting 
Lower Limit

The measurement variation of the measurement data 
in the LiB durability tests, the variation of durability 
performance, and the model error when modeling 
were reflected in the degradation model formula. The 
degradation model for predicting the lower limit consists 
of a deterministic trend term that indicates the degradation 
trend and a random term that represents variation factors. 
The model is formulated so that the trend and random terms 
match the actual phenomena. A parametric model was used 
so that the model error does not become excessive in case 
of extrapolation conditions, even with a small amount of 
training data. Equation (1) shows the basic model formula.

, 
where 	 (1)

Here, X(t) is the capacity degradation rate (1 - capacity 
retention rate (%)) at time t; θ0 is a parameter of the 
degradation speed; μ(t,θ0) is the partial derivative (μ(t,θ0) = 
∂
∂t Λ(t,θ0)) of the trend term Λ(t,θ0) with respect to t; η(t) is 
a function that converts the scale of time t(12); and b is the 
scale conversion factor.

The random term that represents variation is noted as the 
stochastic variable ϵ that follows a normal distribution with 
a mean of 0 and a variance of σε

2(both mean and variance 
constant over time) (Table 1).

For durability variation that expresses behavior that 
gradually expands over time, a diffusion process was 
adopted(11), (12). W(t) in Table 1 is the standard Wiener 
process, and σ is the diffusion coefficient.

Model error is a variation term that accumulates in 
the trend term. This is noted as the stochastic variable λ 
that follows a normal distribution with a mean of μ_λ and 
variance of σ_λ^2 (both mean and variance constant over 
time) and accumulates in the trend term of the performance 
formula. Note that variables introduced for the purpose of 
replacing deterministic variables with stochastic variables 
in the model are generally referred to as random effects(13). 
Also, the three random terms above are assumed to be 
independent of each other.

Table 2 shows multiple candidate models based 
on combinations of how the above variation terms are 
incorporated.

In this study, a total of 23-1=7 types of model formulas 
were formulated based on the presence or absence of 
the three types of error. However, there is no data that 
includes only model error without measurement variation 
or degradation variation, so that case was excluded from 
the candidate models, and the six models M1 to M6 were 
examined. Note that M1 is the conventional model that 
considers only measurement error, which is equivalent to a 
model using the least squares method.

The trend term is expressed as shown in Eq. (2) using 
the variable a(θ0,t) that expresses the degradation speed.

, , 	 (2)

a(θ0,t) is a variable indicating the degradation speed 
composed of the load variables SOC(t), Temperature(t), 
∆SOC(t), I-charge(t), and I-discharge(t) and parameters 
(a0, a1, a2 ···b). As shown in Table 3, the formulated 
models include linear models (i) and (ii) with first-order 
linear factor effects for each degradation factor, quadratic 
polynomial models (iii) and (iv) that do not correspond 
to first-order linear equations, and interaction models (ii) 
and (iv) that have interaction terms between factors. B 
uses a unique appropriate value depending on the type of 
battery(10).

Table 1   Three types of degradation formulas with 
variation terms

Items
Independence
of degradation

trends

Time 
dependence
of variation

Formula

Measurement
variation

Yes No

Interindividual
variation

Yes Yes

Model
variation

No Yes

Model
No.

Measure-
ment

variation

Inter-
individual 
variation

SIM
variation Model formula

M1

M2

M3

M4

M5

M6

No. Model Formula Number of 
coefficients

(i) Linear 6

(ii) Linear 
+ interaction 16

Quadratic(iii) 11

(iv) Quadratic
+ interaction 21

X1: SOC; X2: Temperature; X3: SOC; X4: I-charge; X5: I-discharge

Table 3   List of trend model formulas
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3. Construction of Parameter Optimization 
Process

3.1. Parameter Optimization Method
The trend term parameters (a0, a1, a2 ···b) and variation 

term parameters (σϵ, σB, σλ, μλ) included in the model 
formula were optimized based on actual test data. As these 
include nonlinear parameters, parameter estimation was 
performed by the maximum likelihood method with the 
Log-Likelihood (LL) function as the object variable. Here, 
let Xi (ti,j)) represent the stochastic process that expresses the 
performance value of cell i at the time ti,j. The LL function 
of model formula M5, which has the largest number of 
parameters among the proposed models M2 to M6, is given 
by Eq. (3). To help avoid getting stuck in local solutions 
in the optimization calculations, the maximum likelihood 
estimation (MLE) values were obtained using the Markov 
Chain Monte Carlo (MCMC) method(14), (15). Specifically, 
a normal distribution with large variance was set as the 
prior distribution of each parameter. The MCMC method 
employed the Hamiltonian Monte Carlo (HMC) method, 
which is known to work effectively even with a large 
number of parameters, and the MLE values were obtained 
by performing maximum a posteriori (MAP) estimation.

2 ln 2
1
2

ln| |
	 (3)

However,

3.2. Model Formula Selection Method
Selection of the trend formula and variation model 

formula is determined by Akaike’s Information Criterion 
(AIC) based on the training data. AIC is commonly used 
as an index enabling selection of the optimal model while 
helping to prevent overfitting to only the training data. AIC 
is calculated using Eq. (4) from the final LL value used 
as the object variable in optimization and the number of 
parameters in the model (k).

 2 2
k:  number of parameters

	 (4)

3.3. Prediction of Lower Limit Performance
The distribution of ∆Xi,1:mi+1 under the given ∆Xi,1:mi is 

obtained by the following Eq. (5).

, | , :  ~ | , |  	 (5)
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Fig. 4   AIC results of each model

Therefore, when the upper α% point of the standard 
normal distr ibution is noted as zα, the 100×(1-α)% 
confidence interval for the degradation increment ∆Xi,j of 
the individual cell number i at time ti,mi+1, under the given 
∆Xi,1:mi, is given by Eq. (6).

| | ,   | |  	 (6)

3.4. Preparation of Training and Validation Data
The results of durability tests conducted under multiple 

conditions were used as the data set. The tests utilized 
4.5 Ah-class cylindrical LiBs as test samples, and were 
conducted in two modes: storage durability tests and 
cycle durability tests. The storage durability tests for 
training data were conducted over a 4-month period under 
16 conditions comprising all combinations of four SOC 
conditions (SOC30, 55, 80, and 95%) and four temperature 
conditions (25, 45, 50, and 65°C). During the testing period, 
intermediate performance measurements were conducted 
at intervals of one to two weeks, and 10 data points were 
obtained per condition for a total of 160 data points. The 
cycle durability tests were conducted under 27 conditions 
planned based on an L27 orthogonal array comprising five 
cycling control factors: center SOC, operating SOC range, 
temperature, charge current, and discharge current. Ten 
data points were obtained over a 4-month period for each 
condition, for a total of 270 data points. For the validation 
data, durability tests were conducted over a period of 12 
months under 38 conditions separate from the training 
conditions, and obtained a total of 710 data points.

4. Results and Discussion

4.1. Model Selection Result
Regarding model selection, parameter optimization 

was performed for 24 types of model formulas comprising 
combinations of four types of trend term model formulas 
and six types of variation models (M1 to M6), and the AIC 
was evaluated. Figure 4 shows the results.

In all cases of M2 to M6 constructed in this study, good 
results were obtained with an AIC lower than that of the 
conventional model M1. This demonstrates that model 
formulas using the diffusion process, random effects, or 
both can appropriately represent the experimental data.

Generally, the accuracy of the model formula increases 
with the number of parameters, but too many parameters 
lead to a drop in generalization performance. Therefore, 
it is appropriate to select the model with the smallest AIC 
that also balances generalization performance and goodness 
of fit. Of the degradation model formulas, M3 has fewer 
parameters than M5 but also a smaller AIC. That is to 
say, M3 captures the essence of the battery performance 
degradation obtained from the tests with fewer parameters. 
Here, the combination of the quadratic (iii) trend term 
formula and the M3 model formula resulted in the best fit to 

the experimental data. Also, it was found that enhancement 
of AIC was not observed with models M4 to M6, which 
include measurement variation, so there is no need to 
consider these in the model.

4.2. Prediction of Confidence Interval of Selected Model
Equation (7) shows the model formula and parameters 

of the prediction model M3 selected in the previous section. 
In addition, Fig. 5 shows plots of the measurement results 
from a 12-month durability test conducted at SOC100% 
and temperature of 45°C, along with an example of the 
confidence interval prediction result calculated using the 
optimized M3 degradation model. The confidence interval 
indicated in gray is the 95% confidence interval at each 
point in time. The measured plots across the entire range 
were confirmed to fall within the 95% confidence interval, 
thus demonstrating the ability to appropriately visualize the 
confidence interval.

, 

, 

Term Term Value Value 
-5.13 -1.7E-2 
2.6 1.6E-3 

-1.7E-3 7.3E-4 
-3.2E-1  
1.0E-4 
0.55 

	(7)
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AI
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Linear

Linear +
interaction

Quadratic

Quadratic
+
interaction

Variation models

Parameter 1 2 3 2 4 3
Para-
meter M1 M2 M3 M4 M5 M6

Model
formula

of 
trend
term

4 (i) Linear -993.8 -1388.7 -1425.5 -1386.7 -1423.5 -1316.3

5 (ii) Linear+
interaction -992.8 -1387 -1423.5 -1385 -1421.5 -1314.3

6 (iii) Quadratic -1035.3 -1406.8 -1426.7 -1404.8 -1424.6 -1316.6

7 (iv) Quadratic+
interaction -1034.8 -1405.1 -1424.7 -1403.1 -1422.6 -1314.7
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Fig. 6   Histograms of Z values after standardization

Fig. 7   Confidence interval width and coverage of 
models trained with data over different 
periods

4.3. Confirmation of Data Distribution
To confirm the likelihood of the model created in this 

study, the degree of coverage of the predicted performance 
distribution relative to the measured performance values 
was analyzed for an amount of data greater than the training 
data (storage degradation mode data: 24 conditions, 
484 points; cycle degradation mode data: 14 conditions, 
226 points). Figure 6 shows histograms of the Z values 

obtained by taking the difference between the typical 
performance value predicted by the model and the measured 
value and dividing by the standard deviation at that point. 
Figure 6(a) is the histogram of the data obtained in storage 
degradation mode, and Fig. 6(b) is the histogram of the 
data obtained in cycle degradation mode. The Z values of 4, 
3, and 2 correspond respectively to the confidence intervals 
that theoretically contain 99.9%, 99.7%, and 95%. In this 
study, these confidence intervals respectively contained 
100%, 99.0%, and 93.6% of the storage mode data and 
100%, 98.7%, and 94.0% of the cycle mode data, generally 
matching the theoretical values. It is thought, therefore, 
that lower limit performance based on confidence can be 
calculated using this model. The percentage of the measured 
data contained in the 99.7% confidence interval is referred 
to herein after as the coverage percentage.

4.4. Setting of Training Period
In o rder to se t the pe r iod requ i red fo r mode l 

construction, the amount of training data, the width of the 
confidence interval, and the coverage percentage were 
analyzed. The width of the confidence interval (%) and 
the coverage percentage in the 99.7% confidence interval 
predicted by each model were calculated at the 4-month 
point, with Fig. 7 showing the results.
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Fig. 8   Simulated confidence interval for 10 years

A model was constructed using the data up to an arbitrary 
number of months from four months of training data obtained 
by storage durability tests under 16 conditions and cycle 
durability tests under 27 conditions. The coverage percentage 
was calculated for a total of 380 data points obtained under 
38 conditions separate from the training data.

The width of the confidence interval tends to increase 
slightly as the amount of training data increases. In contrast, 
the coverage percentage clearly increases, and the coverage 
percentage of the 99.7% confidence interval increases 
asymptotically toward 99.7% as theorized. This is presumed 
to be due to the effect that as the amount of training data 
increases, the accuracy of the predicted confidence interval is 
enhanced without greatly impacting the confidence interval 
result. In this study, a coverage percentage of 99% or more 
was achieved with a 4-month training period, indicating that 
the confidence interval can be predicted by training on four 
or more months of degradation behavior data.

4.5. Confidence Interval in Long-term Prediction
Prediction of the performance degradation of batteries 

that are used in various ways becomes more uncertain as the 
prediction period lengthens, which is expected to result in a 
wider confidence interval.

Figure 8 shows the results of long-term prediction of 
the confidence interval over 10 years. Figure 8(a) shows 
the result for the conventional model M1 that considers 
only measurement variation, and Fig. 8(b) shows the result 
for the newly proposed optimized prediction model M3.

Whereas the conventional model predicts a uniform 
confidence interval over a period of 10 years, the model 
optimized in this study exhibits a confidence interval that 
expands over time, which is in line with initial expectations. 
It was confirmed that, compared to the conventional model 
M1, the model M3 proposed in this study can appropriately 
model the increase over time of variation appearing in four 
months of test data.
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testing, a degradation model formula that incorporates 
random terms was examined. The conclusion drawn from 
this examination is as follows.
(1)	It was found that the variation in lithium-ion battery 

durabi l i ty data can be represented by a model 
incorporating two kinds of stochastic variables: random 
effects multiplied by the LiB durability degradation 
trend term, and a diffusion process in which variation 
expands proportionally with time.

(2)	Use of the MLE method aided by MCMC enables 
optimization of the model without getting stuck in local 
solutions.

(3)	A model was constructed that can appropriately predict 
the confidence interval over a 12-month period by 
training on only four months of durability test results.
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